The difficulties encountered up till now in the theory of identifying the spin and orbital angular momentum of the photon stem from the approach of separating the angular momentum of the photon into spin and orbital parts. Here we derive the spin of the photon from a set of two relativistic quantum equations that is equivalent to free-space Maxwell equations, with particular attention paid to the effects of relativistic constraint on the properties of the photon spin. On one hand, we find that the relativistic constraint makes the spin, which appears to be an independent degree of freedom if the relativistic constraint is absent, dependent on the momentum so that no operator for the photon spin exists in position representation. As a result, the notion of local density of the photon spin in position space is physically misleading. On the other hand, we show that the relativistic constraint allows to express the expectation value of the spin as integrals of different integrands over the position space. a cfli@shu.edu.cn
I. INTRODUCTION
Experimental data revealed that the photon can have both spin and orbital angular momentum (OAM) [1] . They can be distinguished by their different effects on tiny birefringent particles [2, 3] . They can also be converted from one into another [4] [5] [6] [7] . Nevertheless, a theoretical identification of the spin and OAM of the photon has been a big challenge at length [8] [9] [10] [11] [12] [13] [14] and remains a hot topic of intense controversy. Recently, much attention [15] [16] [17] [18] [19] [20] [21] [22] [23] was paid to the physical reality of the local density of the photon spin. In particular, Bliokh et al [18, [24] [25] [26] [27] still considered the vector matrix Ω = Σ 0 0 Σ , where (Σ k ) ij = −iǫ ijk with ǫ ijk the Levi-Civitá pseudotensor, as the operator for the photon spin to define its local density, even though van Enk and Nienhuis [11] had shown that the operator for the photon spin in momentum representation has commuting components. This led them to arrive at the transverse spin [17, 26, 27] in an evanescent mode, which was criticized [28] to be physically incorrect.
The difficulties encountered in theory stem from the approach [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] of separating the angular momentum of the photon into spin and orbital parts. That approach only gives integral expressions for the separated parts. It cannot uniquely determine the involved integrands and therefore cannot unambiguously determine their quantum-mechanical operators.
The purpose of this paper is to put forward a new approach to identify the spin and OAM of the photon. We will derive the operator for the photon spin from a set of relativistic quantum equations that was first advanced by Darwin [8] and reformulated by Pryce [29] , paying particular attention to how the relativistic constraint (RC) determines the properties of the photon spin. We will see that the new approach provides us with a criterion for the validity of separating the spin from the OAM, which allows to have a clear look at how the transverse spin claimed by Bliokh et al [17, 26, 27] in an evanescent mode is not physically acceptable [28] .
The Maxwell equations for free electromagnetic fields can be recast into a set of two relativistic quantum equations about a six-component field function [29] , called the Darwin equations. One is the time-dependent Schrödinger equation. The other shows up as an RC on the field function since only in conjunction with it is the Schrödinger equation relativistically covariant. We show that the same as the Dirac equation predicts the existence of the spin of the electron [30] , the Schrödinger equation itself predicts the existence of a spin provided that the momentum operator p = −i ∇ represents a well-defined observable. Specifically, the spin operator turns out to be the above-mentioned vector matrix Ω. Furthermore, when the role of the RC is taken into consideration, the spin operator in momentum representation reduces to (Ω · p)p/p 2 , which has commuting components. This in turn determines that the operator for the photon spin in position representation does not exist so that the so-called local density of the photon spin in position space is physically meaningless [19] . However, the RC makes it possible to express the expectation value of the photon spin as integrals of different integrands over the position space. These results constitute the main contents of present paper. Let us first introduce the Darwin equations and briefly review their equivalence with the Maxwell equations as well as their relativistic covariance.
II. DARWIN EQUATIONS AND RELATIVISTIC CONSTRAINT
According to Darwin [8] , the relativistic quantum-mechanical description of free photons is done by a pair of equations about a six-component field function Ψ(x, t),
where
is the speed of light in vacuum,
and I 3 is the 3-by-3 unit matrix. The matrices Γ 0 and Γ are all Hermitian and have the following properties,
The Schrödinger equation (1a) 
where we have used the relation (Σ · a)b = i(a × b). They are exactly the Maxwell coupled equations about the electric vector E and the magnetic vector B,
if the following correspondences are assumed,
Meanwhile, since no photon state can have p = 0, Eq. (1b) can be expressed in terms of F u and F l as [29] p · F u = p · F l = 0. 
It is not relativistically covariant. But upon substituting Eq. (1b), we get the following Klein-Gordon equation of zero-mass particles [8] , 
III. SPIN PREDICTED SOLELY BY SCHRÖDINGER EQUATION
When the momentum operator p = −i ∇ appears to be Hermitian to represent an observable, the OAM operator L = x × p is definable. Putting the RC (1b) aside, it is not difficult to show that the OAM is not a constant of motion,
where we have assumed the following commutation relations,
For this reason, we introduce the vector matrix −iΓ × Γ, which is precisely equal to Ω according to the commutation relation
With the help of Eqs. (2b) and (2c), it is easy to find
So we see that the sum of L and S = Ω, denoted by M = L + S, is a constant of motion. Because it is independent of the extrinsic degrees of freedom such as the position and momentum, Ω represents an intrinsic degree of freedom, called the spin. It obeys the canonical commutation relation,
by virtue of Eq. (5). The constant of motion, M, is the total angular momentum.
As the operator for the spin, Ω defines the spin density Ψ † ΩΨ in an arbitrary state Ψ that is normalized according to Ψ † Ψd 3 x = 1, giving the following expectation value of the
It is noted that because the spin here is an intrinsic degree of freedom, it can be represented in momentum representation by the same vector matrix Ω. In fact, denoting by ψ(k, t) the field function in momentum representation with k the wavevector, which is the Fourier component of Ψ,
we readily change Eq. (7) intoS
in momentum representation, where the integrand ψ † Ωψ is the spin density in momentum space.
From the above discussions it is concluded that the spin is distinguishable from the OAM as long as the momentum p is a well-defined observable. Nevertheless, the vector matrix Ω does not represent the spin of the photon. This is because the canonical commutation relation (6) together with the property Ω 2 = 2 leads to a consequence [31] 
where H = i cΓ 0 (Γ · k) and k = |k|. From the RC (9b) we have H 2 = 2 c 2 k 2 . It shows that Eq. (9a) has solutions of negative as well as positive energies. In this paper, we restrict our discussions to solutions of positive energy. Taking this into account, we find that ψ is the eigenfunction of the Hamiltonian with eigenvalue ω, obeying the following eigenvalue equation,
where ω = ck. Substituting this equation into the Schrödinger equation (9a) and letting
, where f u and f l are the Fourier transformations of the upper and lower parts of Ψ, respectively,
we have
At the same time, since no photon state can have k = 0, the RC (9b) can be expressed in terms of f u and f l as
in agreement with the eigenvalue equation (10), which reads
The Darwin equations ( (14) correspond to the RC (1b).
B. Photon spin operator in momentum representation
We have seen that if the RC (1b) were absent, the spin would be represented by the operator Ω and the momentum-space spin density in an arbitrary state ψ would be given by ψ † Ωψ. After taking Eq. (13) into consideration, we must have
where a † Σb = −ia * × b and w = k/k stands for the unit momentum. Using this property to decompose the vector matrix Σ according to
from which we are led to
Based on the arbitrariness of ψ it is concluded that the RC in momentum representation reduces the spin operator from Ω to (Ω · w)w. That is to say, the operator for the photon spin in momentum representation is no longer the constant vector matrix Ω. It becomes
In the first place, it expresses the well-known conclusion that the spin of the photon is always oriented in its propagation direction [32] . In the second place, it has commuting Cartesian components,
[
in perfect agreement with the result that was obtained in the framework of second quantization [11] . In the third place, commuting with the Hamiltonian [H, Ω ph ] = 0, it now is a constant of motion. In a word, the RC makes the spin of the photon depend on the momentum of the photon. It is no longer an independent degree of freedom [33] . As a result, the expectation value of the spin of the photon in an arbitrary state ψ is given bȳ
From the dependence of Ω ph on the momentum it follows that the operator for the photon spin in position representation does not exist. To see this, we substitute the inverse Fourier transformation of Eq. (8) into Eq. (17) to get
and
The concrete expression for G determines that the integrand s does not locally depend on the field function Ψ. Its value at any particular point x depends not only on the field function at that point but also on the field function at all other points. That is to say, there
does not exist such a position-representation operator, say Ω ′ , that expresses the integrand s as Ψ † Ω ′ Ψ. In particular, the constant vector matrix Ω is not the operator for the spin of the photon in position representation as Bliokh et al claimed [18, [24] [25] [26] [27] . Consequently, the integrand s cannot be interpreted as the local density of the photon spin in position space though its integral over the position space yields the expectation value. This fact demonstrates the non-locality of the photon spin in position space [19] .
So far we have made use of the RC to successfully identify the operator for the photon spin in momentum representation. In the following section we will see that the RC allows to convert the expectation value (17) into integrals of different integrands over the position space, even though no operator for the photon spin exists in position representation.
V. FURTHER DISCUSSIONS ON EXPECTATION VALUE OF PHOTON SPIN
Firstly, we make use of the property (16) to change Eq. (17) intō
Upon substituting the inverse Fourier transformation of (8), we arrive back at Eq. (7),
But it should be emphasized that the integrand Ψ † ΩΨ cannot be interpreted as the local density of the photon spin in position space. With the help of the correspondence (3), the expectation value of the photon spin can be further expressed in terms of the complex-valued electric and magnetic vectors as follows,
The integrand −i(E * × E + c 2 B * × B) was called in Refs. [18, 24, 25] the spin density of dual-symmetry version, which is incorrect.
Secondly, Eq. (17) can be rewritten in terms of the upper and lower parts of ψ as
by virtue of Eq. (14), we haveS
Resorting to the property (15), we get
Considering that the upper part f u is the Fourier component of the complex electric vector E, this integral comes out the same as is separated out of the total angular momentum [10, 14] . Upon substituting the Fourier transformation (11), we find
which can be further expressed in terms of the electric or magnetic vector as
by virtue of the correspondence (3). The integrand −2iE * × E in the first equation was incorrectly called the spin density of standard version in Ref. [18] .
We see that the RC (13)- (14) makes it possible to express the expectation value of the photon spin as integrals of different integrands over the position space. It should be stressed, however, that the spin of the photon is separable from the OAM only under the condition that the operator p = −i ∇ for the momentum is Hermitian. But there are photon states that do not meet this condition. The evanescent mode that occurs in the total reflection is such a state. In fact, it is the eigenstate of that operator with a complex-valued eigenvalue as can be easily checked. As a consequence, the angular momentum of the photon in an evanescent mode cannot be physically separated into spin and OAM parts. This again demonstrates that the transverse spin [17, 26, 27] in an evanescent mode is not physically acceptable [28] .
VI. CONCLUSIONS AND REMARKS
To conclude, we made use of the Darwin equations to identify the spin and OAM of the photon. In particular, we found that the RC makes the operator for the photon spin assume the form (Ω·w)w in momentum representation, which coincides with the well-known conclusion that the spin of the photon is always oriented in its propagation direction. This in turn determines that no operator for the photon spin exists in position representation.
We showed however that the RC allows to express the expectation value of the photon spin as the integrals (18) and (19) though none of the involved integrands serves as the local density of the photon spin in position space.
That no position-representation operator exists for the spin of the photon lies in the fact that the spin of the photon is not an independent degree of freedom [33] . This naturally raises the important question as to whether the photon has an intrinsic degree of freedom that is independent of its extrinsic degrees of freedom such as the position and momentum from the standpoint of the quantum mechanics. A recent discussion of this question can be found in Ref. [34] .
We have seen that due to the RC, the operator for the photon spin in momentum representation does not satisfy the canonical commutation relation, [Ω The detailed discussion on this problem is beyond the scope of this paper. But it should be pointed out that the modification of the position operator made in Ref. [35] does not make sense. The key point is that the RC in momentum representation reduces the spin operator from Ω to Ω ph = (Ω · w)w. So for any photon state the spin of which is separable from the OAM, we must have Ω × w = Ω ph × w = 0.
